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Abstract. A group G is said to have the property Roo if every automorphism <p £ Aut(G) 
has an infinite number of 93-twisted conjugacy classes. Recent work of Gongalves and 
Kochloukova uses the E™ (Bieri-Neumann-Strebel-Renz) invariants to show the prop- 
erty for a certain class of groups, including the generalized Thompson's groups F n> Q. In 
this paper, we make use of the il n invariants, analogous to E", to show i?oo for certain 
finitely generated groups. In particular, we give an alternate and simpler proof of the R^ 
property for BS(1, n). Moreover, we give examples for which the Q n invariants can be used 
to determine the R^ property while the E™ invariants techniques cannot. 
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1. Introduction 

An old problem in group theory asks whether an infinite group must have an infinite num- 
ber of conjugacy classes of elements. In 1949 [23J, Higman- Neumann-Neumann constructed 
an infinitely generated group with only a finite number of conjugacy classes. Ivanov (see 
[241 [25] ) announced without proof an example of a finitely generated infinite group with a 
finite number of conjugacy classes. More recently, D. Osin |33j constructed a finitely gen- 
erated infinite group in which any two non-trivial elements are conjugate. A more general 
question is: if G has an infinite number of conjugacy classes and <p is an automorphism 
of G, then does there exist an infinite number of y?- twisted conjugacy classes? Denote by 
R(<p) the number of ^-twisted conjugacy classes or equivalently the number of orbits of the 
(left) action of G on G via a ■ a y eraser) -1 . Then we can ask whether R(<p) = 00. For 
instance, when G — Z, the automorphism group is Aut(Z) = {1%, —1%}. It is easy to see 
that R(lz) = 00 whereas R(—l%) = 2. 

The classical Burnside-Frobenius theory states that the number of equivalence classes of 
irreducible unitary representations of a finite group G is equal to the number of conjugacy 
classes of elements of G. More generally, if p is an automorphism of G, the number of fixed 
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points for the action of ip on the unitary dual G is equal to R((p) when G is finite [13] . For 
infinite groups, this equality does not hold in general. Fel'shtyn and Troitsky [15] showed 
that this equality does hold for virtually polycyclic groups if one of the numbers in the 
equality is finite. 

The number R(p) also plays an important role in classical Nielsen fixed point theory 
(for more details, see for example |26j). Given a group endomorphism ip : G — >■ G, the ip- 
twisted conjugacy classes are in one-one correspondence with the fixed point (Reidemeister) 
classes (including the empty ones via the covering space approach [26]) of a continuous map 
/ : M — > M on a compact connected polyhedron M with G = 7i"i(M) and <p = f$ the induced 
homomorphism on 7i"i. The Reidemeister number R(f) is defined to be the cardinality of 
the set of the ip = /j twisted conjugacy classes. It is well defined and is independent of the 
basepoint. The number R(f) is always an upper bound for the Nielsen number N(f) and for 
a large class of spaces, which include the so-called Jiang spaces, the Nielsen number N(f) is 
either or is equal to R(f)- Since the Nielsen number is often equal to the minimum number 
of fixed points in the homotopy class of /, the computation of N(f) is a central issue but is 
very difficult in general. Therefore, a Jiang-type result where N(f) = or N(f) = R(f) is 
very desirable. In particular, if such a space is a manifold of dimension at least 3, R(f) = oo 
implies that / is deformable to be fixed point free. Furthermore, for a homeomorphism / on 
such manifolds of dimension at least 5, R(f) = oo implies that / is isotopic to a fixed point 
free homeomorphism. Therefore, if R(p) = oo for every automorphism ip e Aut(7Ti(M)) then 
every homeomorphism can be made fixed point free. For instance in [20], we have constructed 
for any integer n > 5 compact nilmanifolds and compact flat manifolds (or equivalently infra- 
abelian manifolds) of dimension n such that every homeomorphism is isotopic to be fixed 
point free. It would be interesting to find examples of groups G where R(p) = oo for every 
<p G Aut(G). In fact, Fel'shtyn and Hill conjectured [13] that R(<p) = oo for every injective 
endomorphism of a finitely generated group with exponential growth. This was later shown 
to be false (see [18J) in general. 

We have seen in both group theory and in fixed point theory that the finiteness of R(<p) 
is of great interest especially when ip is an automorphism. Following the same terminology 
in [35], we say that a group G has the property Roo if for every automorphism ip e Aut(G), 
R((p) = oo. In recent years, there has been a growing interest in the study of the R^ property. 
Finitely generated groups that possess this property include non-elemetary Gromov hyper- 
bolic groups [30] (see also [II]); non-elementary GBS (Generalized Baumslag Solitar) groups 
[29] and groups that are quasi-isometric to such GBS groups [36]; Baumslag-Solitar groups 
BS(m,n) for (m,n) ^ (1,1) [12J; certain solvable generalization of BS(l,n) and groups 
that are quasi-isometric to such groups [35]; lamplighter groups L n where gcd(n, 6) ^ 1 [19J, 
the Thompson's group F [6], certain nilpotent groups [20], certain polycyclic groups [T8] . 
most of the 17 wallpaper groups [21], a wide class of saturated weakly branch groups, which 
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includes the Grigorchuk group of intermediate growth and the Gupta-Sidki group [H]. Both 
combinatorial and geometric group theoretic methods have been employed in establishing 
the Roo property for various families of groups. 

More recently, the S n invariants of Bieri-Neumann-Strebel-Renz were used in [16] to show 
that the generalized Thompson's groups F n ^, among other families of groups, have the Roo 
property. The main idea in [16] is to show that if there is a finite set of discrete points on 
the character sphere that is Aut(G)-invariant then G has the Roo property. Gongalves and 
Kochloukova [H] were able to identify certain groups G with such property by computing 
the invariants S 1 (G). In general, the computation of E Tl (G) is difficult and very few such 
invariants have been computed. On the other hand, the fl n invariants, which seem easier 
to compute than S n , can be computed for direct products (see |28]). The main objective of 
this paper is to employ the Q n invariants to study the R^, property. Our results complement 
those obtained in [16]. We also give examples where our method may determine the R^ 
property while the approach of [16] is not applicable. 

The invariants Q n were defined in [27] and are analogs of the Bieri-Neumann-Strebel-Renz 
invariants S n defined in [3] for n = 1 and in [J] for n > 2. We recall these definitions here 
for n — 1; the full definitions are given in § 13.11 and § 13.21 

Let G be a finitely generated group with generating set X . The set Hom(G, M) of ho- 
momorphisms from G to the additive group of reals is a real vector space with dimension 
equal to the Z-rank of the abelianization of G, so Hom(G, M) = W 71 for some m. Choose 
an inner product in Hom(G, 1R) . Denote by c^lR" 1 the boundary at infinity of lR m (i.e., the 
set of asymptotic equivalence classes of geodesic rays in M. m ). Another way to view dooM™ 
which will be helpful later is to consider the following equivalence relation on Hom(G, R) : 
Xi ~ X2 if and only if \i — r X2 for some r > 0. Define <9ooIR m to be the set of equivalence 
classes {[%] G Hom(G, R) | x 7^ 0}. Let e G 9 00 lR ,n and let 7 be a geodesic ray defining e. 
For each s > 0, denote by if 7jS the half-space in W 71 whose boundary is orthogonal to 7 with 
H ltS fl 7QO, 00)) = j([s, 00)). Let T denote the Cayley graph of G with respect to X . Since 
the Z-rank of the abelianization of G is m, there is an epimorphism tt : G — > Z m . Define 
h : r — y W 71 by: h(g) := 71(g) for all vertices g G T, and extend linearly on edges. For each 
s > 0, let r 7jS := /i _1 (iJ 7 The direction e G S 1 (G) if and only if for every s > 0, there 
exists A = X(s) > such that any two points u,v G T 7iS can be joined by a path in r 7 S _A 
and s — X(s) — > 00 as s — > 00. 

In the compactified space IR m U <9ooIR m , the compactified half-spaces play the role of neigh- 
borhoods of the point e G dooW 71 , but this gives an unsatisfactory topology to M. m U dooR™. 
From the point of view of topology, it is more natural to have a similar definition to 
S 1 (G) using "ordinary" neighborhoods of e. A basis for these neighborhoods consists of 
"truncated cones". For each s > and each geodesic ray 7, define the truncated cone 
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C 7jS := Coneeipf) fl H 1)S where Coneoi^) is the closed cone of angle 9 and vertex 7(0), and 
6 := arctan(i) if s > and 9 := § if s = 0. Let A 7iS := /r 1 ^,). We say that e G Q^G) if 
and only if there exists so > such that for each s > so, there exists A = A(s) > such that 
any two points u,v G A 7iS can be joined by a path in A ljS _x and s — A(s) — >• 00 as s — > 00. 
We should mention that Q n (G) is always a closed set while S n (G) is open. Furthermore, we 
have E X (G) 2 S 2 (G) D S 3 (G) D ... or [E 1 (G ! )] C C [£ 2 (C7)] C C [S 3 (G)] C C ... while we have 
D fi 2 (G) D fi 3 (G) D .... 

This paper is organized as follows. In section 2, we review some background on twisted 
conjugacy classes. Basic properties of the Q n - invariants are reviewed in section 3. We prove 
our main results in section 4 together with applications in section 5. 

We thank Daciberg Gongalves for providing us the preprint [IS] . Ross Geoghegan for 
helpful comments on an earlier version of the manuscript, Alexander Fel'shtyn for bringing 
to our attention the paper [1QJ in which arguments were sketched for the Roq property for 
relatively hyperbolic groups which include free products, and to Enric Ventura for informing 
us of the work [8] where independently the authors claimed that any finite free product of 
finitely generated freely indecomposable groups has property Roq. 



2. Twisted Conjugacy Classes 



The basic algebraic techniques used in the present paper for showing R(ip) = 00 is the 
relationship among the Reidemeister numbers of group homomorphisms of a short exact 
sequence. In general, given a commutative diagram of groups and homomorphisms 

A -2-). B 



A B 

the homomorphism 77 induces a function 17 : lZ{jp) —> 1Z(ip) where 71(a) denotes the set of a- 
twisted conjugacy classes. Some of the basic facts that will be used throughout this paper are 
given in the following lemma. For our purposes, we are only concerned with automorphisms 
while the following result can be proven in greater generality. For more general results, see 
P2] and [37]. 

Lemma 2.1. Given an automorphism ip : G — >■ G of a finitely generated torsion-free abelian 
group G, Fixip = {1} iff R(ip) < 00. 

Proof. Suppose G is finitely generated torsion-free abelian. Then G = Z fc for some positive 
integer k. For any : G — > G, j^Coker{\ — cp) < oo«//|det(l — V 9 )! i n which case 
R((p) = j^Coker{\ — cp) — \ det(l — <p)\ It follows that R(<p) < 00 iff ip does not have 1 as an 
eigenvalue iff ip(x) = x has only trivial solution, i.e., Fixtp = 1. □ 
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Lemma 2.2. Consider the following commutative diagram 



■» A 


— ► B 


— >• C 


— > 


<p' 








f 






■» A 


— >■ 5 


— > c 


— > 



where the rows are short exact sequences of groups and the vertical arrows are group auto- 
morphisms. 

(1) If R(jp) = oo then R(<p) = oo. 

(2) // \ FixTp\ < oo and R(<p f ) = oo then R(<p) = oo. 

(3) If the short exact sequence is a central extension then R((p) = R((p f )R(<p). 

Proof. The homomorphism p : B — >■ C induces a function p : TZ(tp) — > 7Z(Tp) given by 
p([q]b) = [p(a)]c- Since p is surjective, so is p. Thus, (1) follows. Similarly, % : A — > B 
induces a function i : TZ(ip') — > TZ(ip). Since the sequence is exact, it follows that i(TZ(ip')) = 
p _1 ([l]c). The subgroup FixTp acts on TZ((p') via 9 ■ [a] A = [9a(p(9)^ 1 ]A where 9 G B and 
9 G FixTp. Thus, two classes [a] A and [/3] A are in the same Fia^-orbit iff i(a) and i(/3) are in 
the same Reidemeister class, i.e., [«(q;)]b = [i(/3)]b- Now, (2) follows immediately. Finally, 
if the extension is central, p~ l {\a\c) is independent of a so that R((p) = k ■ R(<p') and k is 
the number of distinct Reidemeister classes of Tp in C. In other words, k = R((p) and thus 
(3) follows. □ 



3. The Geometric Invariants 



Let n be a non-negative integer, and let G be a group of type F n (i.e., G has a K(G, 1) 
complex with a finite n-skeleton.). In this section, we define two invariants of G: 

(1) the Bieri-Neumann-Strebel-Renz (or BNSR) invariants E n (G), and 

(2) the invariants fi n (G). 

3.1. The BNSR invariants £™(G). Let e G dcoM™ 1 , and let 7 be a geodesic ray defining 
e. Associated to 7 is the function /3 7 : Hom(G, M) = M m — > R defined by /3 7 (a) := (u e , a — 
7(0))/||u e || where (•, •) is the chosen inner product for R m , || ■ || is the norm, and u e is a 
vector (at 0) pointing toward e. For each s G R, let H 1S := /^([s, 00)). Each H 1S is a 
closed half-space orthogonal to 7. 

Pick an n-dimensional, (n — reconnected CW-complex X on which G acts freely as a 
group of cell permuting homeomorphisms with G\X a finite complex. Choose a G-map 
ft, : X — > R m (note that G acts on R m by translations), and for each s G R, denote by X lyS 
the largest subcomplex of X contained in h~ 1 {H ltS ). Define the BNSR geometric invariants 
of G, denoted S n (G ! ), by e G S n (G) if and only if for every s G R and every —l<p<n — l, 



5 



there exists A = A(s) > such that every continuous map / : S p — )■ X 7iS can be extended to 
a continuous map / : B p+1 — > X 1)S _\ and s — A(s) — > oo as s — > oo. 

3.2. The invariants fi n (G). There are invariants analogous to S n (G) that replace half- 
spaces with "truncated cones". Let e G <9ooM m , and let 7 be a geodesic ray defining e. For 
each s > 0, define the truncated cone C 7jS := Coneeij) H i/ 7iS where: 

(1) 9 := arctan(i) if s > and := f if s = 0, and 

(2) Conee{^f) is the closed cone of angle 6 and vertex 7(0). 

Choose X and h as before. Denote by Y 1)3 the largest subcomplex of X contained in 
h~ l (C 1:S ). Define VL n (G) by e G Vt n \G) if and only if there exists s > such that for 
every s > Sq and each —1 < p < n — 1, there exists A = A(s) > such that every continuous 
map / : S p —¥ F 7jS can be extended to a continuous map / : B p+l — > F 7jS -a and s — A(s) — >■ 00 
as s — >• 00. 

The following theorem relates the invariants S n (G) and 

Theorem 3.1. [271 Theorem 3.1] Lei e G dooM™ T/jen e G fi n (G) 1/ and on/y if e' G S n (G) 
/or every e' in an open ^-neighborhood of e. 

Given S n (G), we can completely determine Q n (G): for each e G <9oolR m , e G Q n (G) if and 
only if the open ^-neighborhood of e is in S n (G). However, it is not the case that Q n (G) 
completely determines E n (G); examples of such groups are given in J27J § 1.3]. 

The following theorem completely describes Q n (G x H) in terms of Q n (G) and Q n (H). 
This theorem will be useful in § [5j 

Theorem 3.2. Theorem 3.8] fi n (G x H) = Vl n (G) © fi n (#) w/iere © represents the 
spherical join. 

It should be noted that no such result exists for Y7 l {G x H). In [31], a counterexample 
to the product conjecture for S n was given. However, in p], the product conjecture for the 
homological version of the Bieri-Neumann-Strebel-Renz invariants is proven over a field. 

4. The Main Result 
In this section, we obtain information about Roo when Q n (G) is a non-empty finite set. 

Proposition 4.1. Let n be a positive integer, and let G be a group of type F n . If < 
#fi n (G) < 00 then #fi n (G) G {1,2}. Moreover, if #Q n (G) = 2 then the two points in 
Q n (G) are antipodal. 



6 



Proof. Suppose e, e' G fl n (G), and suppose the distance between e and e' is less that ir. Let e" 
be a point on the geodesic joining e and e'. Then the ^-neighborhood of e" would be contained 
in the union of the |-neighborhoods of e and e'. By Theorem 13. 1\ since e, e' G f2 n (G), the 
^-neighborhoods of e and e' are contained in S n (G). Thus, the ^-neighborhood of e" is 
contained in £ n (G), so by Theorem 13.11 e" G f2 n (G). Therefore, if Q n (G) is finite and 
e G f2 n (G), no other points within a distance of 7r of e can be in Q n (G). The only other 
possible point would be the point antipodal to e. □ 

Next, we show that Q n (G) is invariant under automorphisms of G. Although this result is 
true for E n (G) and we use similar techniques in the proof for Q n (G), we feel it necessary to 
prove the following proposition since S n (G) cannot be completely determined from Q n (G). 
Thus, the result does not necessarily follow from the fact that S n (G) is invariant under 
automorphisms. 

Proposition 4.2. Let n be a positive integer, and let G be a group of type F n . Then Q n (G) 
is invariant under automorphisms of G. 

Proof. Let [ X ] G ft n (G), and let <p G Aut(G). Define (p : Hom(G, R) -> Hom(G, R) by 
<p(at) = a o {p for any a G Hom(G, R) . We will show by induction that [y5(x)] G Q n (G). 
Suppose G has generating set S, and let T(S) be the Cayley graph of G with respect to S. 
Then the set S' := v ? ( ( 5) generates G, and let r(«S') be the Cayley graph of G with respect 
to S'. The induced map <p' : T(S) — >■ r( l S / ) is a cellular map. If ft : r(«S) — >■ Hom(G, R) 
is a G-map, then h : r( l S) / — >■ Hom(G, R) defined by h := p o h o p'~ x is a G-map. Let 
7 be a geodesic ray in the direction of [<^(x)], so 7' = p~ l {^f) is a geodesic ray in the 
direction of [%]. Let C 7iS be a truncated cone, so Cy jS = y5 _1 (C 7iS ) is a truncated cone, and 
ft _1 (C 7;S ) = (/9 / (/i _1 (Cy iS )). Since [x] G we know that /i _1 (C 7 ' jS ) satisfies the required 

connectivity property, and since p>' is a cellular map (and a path in the Cayley graph is 
a series of generators), we have that /i _1 (C 7iS ) satisfies the required connectivity property. 
By induction on 1 < k < n, the map ip' : X k — > X k is a cellular map, and we get that 
[(pix)] 6 □ 

A point [%] G SqoR" 1 (boundary of Hom(G,R) ) is rational (or discrete as in [16J) if x(G) 
is infinite cyclic. Here is our main theorem. 

Theorem 4.3. Let n be a positive integer, and let G be a group of type F n with < 
#Q n (G) < 00. Suppose that Q n (G) contains only rational points. 

(1) If#Q n (G) = l, then G has property R^. 

(2) If#Vl n (G) = 2, then there exists a normal subgroup N <Aut(G) with [Aut(G) : N] = 
2 such that R(<p) = 00 for every ip G N. 
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Proof. Suppose #ft n (G) = 1 and [ X ] G tt n {G). Let N = ker{ X ), let 1/ := Rom z (G/N,R), 
and let 93 G Aut(G). Since [%] is rational, we have G/N has rank 1, so V is 1- dimensional. 
From Proposition |4.2| [tp{x)\ G so [<£>(%)] = [x] implies that x V 9 = C X f° r some 

c G Z and hence <£>(iV) C iV, so iV is characteristic in G. The automorphism 9? induces 
the following two maps: Tp : G/N — > G/N defined by Tp(gN) = tp(g)N, and <p : V — > V 
defined by tp(a)(gN) = a(tp(g)N). We will show that Tp is the identity map. Since tp is 
invertible and N is characteristic, we have that tp is invertible and that {[x]} is a basis for 
V where x '■ G/N — > K is the induced map from x- Since tp is invertible, c = ±1, but 
c ^ -1 since [— x] & ft n (G). Therefore, 0(x) = X- Thus, we have tp(j()(gN) = xfyigN)) 
which implies x(gN) = x(tp(g)N). Therefore, g~ l tp{g) G N, so tp(g)N = gN which implies 
Tp(gN) = tp(g)N = gN. Now G/N is a finitely generated abelian group of rank 1 so that 
(G/iV)/{torsion} = Z. Moreover, tp is the identity on G/N so it also induces the identity 
on (G/N) /{torsion}. It follows from Lemma \2. II that R(tp) = 00 so that G has the property 
i?oo by Lemma [2.21 

Now suppose #fi n (G) = 2. By Proposition 14. 1[ the two points must be antipodal, say [x] 
and [— x\- Let H be the subgroup of automorphisms tp of G that fix [x] under the induced 
map tp as in the proof of Proposition 14.21 Then H is an index two normal subgroup of 
Aut(G), and by the preceding paragraph, every automorphism in H has an infinite number 
of twisted conjugacy classes. □ 

Now we give a simpler and shorter proof of the fact that the solvable Baumslag-Solitar 
groups BS(l,n) for n > 2 have property [12]. 

Corollary 4.4. BS(l,n) has property R^. 

Proof. A similar argument as in [281 Example] for BS(1, 2) shows that Q l (BS(l, n)) = {+00} 
consisting of one rational point. The assertion follows immediately from Theorem 14.31 □ 

Next, we compare our results with those of [16] which uses the E n -theory. The following 
results are due to D. Gongalves and D. Kochloukova [16J. 

Theorem 4.5. [TBI Corollary 6] Let G be a finitely generated group such that E 1 (G) C = 
{[Xi]> [Xm]} is a non-empty finite set of discrete points. Then Aut(G) has a finite index 
subgroup H such that R(tp) = 00 for all tp G H . 

Theorem 4.6. [IBl Theorem 4] Let G be as in Theorem and let N = f^Kerxj. // the 

images of {xi, Xm} inV = Homz(G/7V, R) form a basis for V as a real vector space, then 
G has property Roq. 

Recall [7] the generalized Thompson's groups F n $ for n > 2 are defined with the following 
presentation 

(x , xi, x 2 , . . . I xJ x XiXj = x i+n _i for < j < i). 



When n = 2, is the original Thompson group F which is known to have property Roc 
[BJ. In [TBI Corollary 9], it was shown that the groups F n>0 have property Roo by using the 
fact S 1 (F n0 ) c = {[p], [A]} so that Theorem 14.61 is applicable. Furthermore, using Theorem 
14.51 Gongalves and Kochloukova showed that if G is either a finitely generated metabelian 
group of finite Priifer rank [16], Lemma 11] or the pure symmetric automorphism group of 
free groups of finite rank [TBI Theorem 18] or a one-ended non-abelian limit group that is 
not a surface group [TBI Theorem 22], then Aut(G) contains a finite index subgroup H such 
that R((p) = oo for every ip G H. It follows from [2] that all S n (F nj o) are infinite and 
independent of n and hence Q n (F n ^) is infinite for all n. Thus, the Roo for F n cannot be 
deduced from our result Theorem 14.31 On the other hand, the following examples serve as 
applications of the f2 n -theory while the E n -theory method of Gongalves and Kochloukova 
[TB] is not applicable. 

Example 4.1. Let G = BS(1,2) x F n where F n is the free group of rank n > 2. Then, 
using the product formula of Theorem \3.2\ for Q 1 , we have Q 1 (G) = {+00} consisting of one 
rational point and hence G has property R^ . On the other hand, 

[Z\BS(1, 2) x JF n )] c = [E\BS(1, 2))] c © [S°(j:„)] c U [Z°(BS(1, 2))] c © F n )] c 

= ({-00} © 0) U (0 © C ) = {-00} U S"- 1 

so that [E 1 (5S'(1, 2) x F n )] c is not finite and hence Theorem \4-6] is not applicable. 

Example 4.2. Let G = T n x Z, forn > 2. Then = {±00} consisting of two antipodal 

rational points while 

[E X (G)] C = ([S 1 (J- n )] c © [£°(Z)] C ) U ([S°(j:„)] c © 

= (5 1 ©0)U(0©0) = 5™- 1 . 

Thus, it follows from Theorem \4-3\ that Aut(J r „ x Z) has an index 2 subgroup H such that 
R(ip) = 00 for all if G H . On the other hand, Theorem \4-5\ does not apply. In fact, T n x Z 
has property R^ since it is a GBS (Generalized Baumslag-Solitar) group [29]. Furthermore, 
it is known [36] that any group quasi-isometric to T n x Z has Roo. 

Example 4.3. Let B n be the Artin braid group on n strands and G = ttx(K), the Klein bottle 
group. Since the commutator subgroup of B n is finitely generated [22] ; we have fi 1 (-B n ) = 
{±00} while [E 1 (i? n )] c = ; and the same is true for the Klein bottle group, = {±00} 

while [E 1 (G)] C = 0. 

5. Applications 

In this section, we make use of the product formula for Q n as in Theorem 13.21 to produce 
new examples of groups with property R^ and of groups of which the automorphism group 
contains an index 2 subgroup with property Roo. 
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For any positive integer k, % G {0, 1, 2}, we denote by Of the family of finitely generated 
groups G such that #Q k (G) = i with all points in fl k (G) rational. Since Q l (G) D Q 2 (G) D 
O™ is a sub-family of O™ for any m < n where j <i. 

Theorem 5.1. Let m <n be positive integers and K G 0™. 

(1) If H e Oi then H x K has property R^. 

(2) If H £ C>2 then Aut(if x K) contains a subgroup N of index 2 such that R(^p) = oo 
for every ip G N. 

Proof. (1) Since K G 0™ and m < n, we have = Q m (K) D Q n (K). It follows from 
Theorem O that #VL n (H x K) = #{Vt n {H) © VL n (K)) = #tt n (H) = 1 since H G 0\. By 
(1) of Theorem 14. 3[ H x K has property R^o. 

(2) Now, H G £>£ implies that #1T (F x = #fi n (F) = 2 and thus the assertion follows 
from (2) of Thoerem 14.31 □ 

Next, we extend our results to free products of groups. 

Theorem 5.2. Let G = *™ =1 Aj be a finite free product of n non-trivial freely indecomposable 
finitely generated groups, n > 2. // one of the following conditions is satisfied then G has 
the property Roo. 

(1) Each Ai is finite. 

(2) There exists j,l < j < n such that Aj G O™ and for i ^ j, Ai G Oq with ki < m. 

(3) The direct product G — Yl^i has property R^ and Ai is abelian and non-isomorphic 
to Z for some i. 

Proof. Let C(G) be the Cartesian subgroup of G, that is, the kernel of the canonical map 

*?=iA^UA = G. 

(1) If each Ai is finite, none of them is isomorphic to Z. It follows from [H] that C(G) is 
free and characteristic. Moreover, since each Ai is finite, C (G) is finitely generated and thus 
is a free group of finite rank r. If G = Z 2 * Z 2 = D^, it has already been shown in [20J that 
the infinite dihedral group has the property Roq. Otherwise, the free group C{G) has rank 
r > 2 and hence is a finitely generated non-elementary Gromov hyperbolic group. It follows 
from [30] that C(G) has property R^. Since G is finite, it follows from (2) of Lemma [2.21 
that G has property -Roo. 

(2) Since Aj G Of, Aj is not isomorphic to Z for #fi"(Z) = 2. Similarly, A { ¥ Z for 
Ai G O \ Therefore, it follows from [9J that C(G) is characteristic. Since G has R^, it 
follows from (1) of Lemma [2721 that G has property R^. Note that C(G) need not be finitely 
generated so the result of [30] is not applicable. 
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(3) It follows from [32] that C(G) is characteristic. Then the result follows from (1) of 
Lemma O □ 



Example 5.1. Take A\ = BS(l,m) and for 2 < i < n, to be a non-trivial finite group. 
Then, A l e 0\ and A* E for i ^ 1. By (2) of Theorem\EM G = BS(1, m)*A 2 * ... * A n 
has property R^. 

Example 5.2. Let A\ = tti(K) be the fundamental group of the Klein bottle and A{ = Z 
for i = 2,...,n — 1. By Theorem 2.4 of [20j ; the group G' = Y17=i has property Roo. 
Now, let A n be a non-trivial finite abelian group. Since G' is torsion-free and A n is finite, it 
follows that G' is characteristic in the direct product G = YYi=i Ai = G' x A n . Thus (2) of 
Lemma WTB implies that G has property R^. Now, (3) of Theorem \5.2\ shows that the group 
*i =1 Ai = -ni(K) * T n _ x * A n has property R^. 

Theorem 15.21 shows that many free products of freely indecomposable groups possess prop- 
erty Roo while the Q n invariants of such groups are necessarily empty. Furthermore, in con- 
trast to Theorem 14.31 where groups with #Q n (G) = 1 must have property R^, there are 
examples of groups G with property R^ that have #Q n (G) = 2 or #Q n (G) = oo. 

Example 5.3. Here, we list some known examples of groups G with property Roo and various 
values for the cardinality of fl n (G). 

(1) (#Q n (G) = and Roo): Groups satisfying one of the conditions in Theorem \5.2[ free 
groups Tn with n > 2; lamplighter groups L n with gcd(n, 6) > 1. 

(2) (#1T(G9 = 1 and Roo): BS(l,n). 

(3) (#Q n (G) = 2 and Roo) : J^n x Z with n > 2; Artin Braid group on 3 strands B%; 
7Ti(K); certain right angled Artin groups. 

(4) (#Q n (G) = oo and Roo): Thompson's group -F n ,o/ i?i{K) x Z ra with n > 1. 
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